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Introduction 

In  the  presentation  of  (his  problem  there  mil  be  some  repetition 
which  may  be  open  to  objection  as  unnecessar  -  detail;  but  it  is  con- 
sidered preferable  to  err  in  :  at  way  thar  risk  the  omission  of  something 
that  ought  to  be  stated. 

In  1910  the  author  published  a  sohuion,  the  diagram  of  which 
wa^  somewhat  inconsistent  with  the  principles  of  the  problem.  Hence 
this  revised  edition. 


Prior  to  the  piiMiffttion  of  anv  Uterarv  or  Scientific  Work  if  i. 
cu8tomttr>-  to  rivc  an  outline  of  thoHuhjcct  i'n  the  fom.  of  „  p°'/!;Ve 

n:„.  ««,"'?  ''""^r*.  '""''""■•'.  tt"^^  Tri«<-ction  of  any  rectilineal  angle 

was  first  ol«,.rve<l  by  the  author  several  years  ago,  -.vhcn  rend  nKtho 

followmg  («v  page  105  of  the  lOlenicts  of  (iec.ne  rv,  in  ivfe"  to 

the  m.lKhvision   of   the  .■ircun.fe«.nce  of  a  circle,-  which  work   is 

heremafter  more  amply  i.lentifid  in  the  oiK-ning  page  hm..rf)    vi^ 

It  IS  O..V10..S  that  any  regular  ,)olygo,.  nhatever  might  !«•  iZ'nVH.;i 

m  a  c.r...|e,  pmv,d,.l  that  its  circuml    cnce  could  Ik-  dividH  into 

•'ruinr^K^T^'^'"^  •^""'  l'"^'":  '""  '""■h  <livi«ion  o   the  dr- 

It,  IS  a  problem  which  has  not  yet  been  effected.  " 

nf  fhn  PT"  •'"  *'''"".°,"  ?'  *'■    •"■"'''•■"'  "'»«  "UKKCsted  bv  the  reading 
of  the  Following:     "   f  the  side  of  any  triangleU  pro.ruccd   the   "v^ 

E^dld""  32^1)''  '"""'  '"  ''*'  '"°  '"'«"°'  '«''  "PP^''-  «n  A     (.^ 

«n  thlT  ?"'*«!1»'^nt'y  discovered  that,  if  a  line  could  be  drawn 
so  that  the  intenor  and  opposite  angles  ,uld  Ix-  to  ea ch  otherZ 
he  ratio  of  two  to  one,  theVroblem  coi-  Ix,  solved ;  and  That  the 
wWchT  n'^h^'li  """'"'a'*  '\  a.consii-uction  could  InfmlSe  by 
ZtJ^Jih  -^  foj'owng  Analysis,  the  straight  Une  A  P  wouia 
mter^et  the  «rcumference  of  the  semi-circle  in  the  poirt  V  so T^t 
HevnfL  Kr...  ^"?^  ^^?  "iterval,  much  time  has  b^n  riodicallv 
finl?~l  U^  r  ""'hor  to  the  study  of  this  problem,  a  with  he 
hnal  result  as  disclosed  m  this  treatise. 

1  ..^"^'S^iuently  to  or  about  the  year  1882,  Mr.  Andrew  Dovl« 
pubhshed  several  solutions,  and  about  the  vekr  1895  pr^v^d  that 

of  It  siZ'?!L?  ^  '^™''"  ''T  "•«  P°'"'  ^'  «o  that^the  po  tion 
of  It  situate  between  a  perpendicular  such  as  B  F  ami  the  circum- 
ference  of  the  semi-circle  would  be  equal  to  the  radhis  and  thaUo 
^r   nn,  '"^i"  ^r^  P*""'""  '^""''^  ^  equivalent  to  the  solut  on 

q^n%i^;f  t^of^eT^v^^ir '''-' '°  ''^  ''-^'  -'^  ""-- 

reoo^^^S^S^^::^-^  P^Per  for  this  note  of 
Ottawa,  July,  1911.  qeO.  GOODWIN. 


Trisection  of  Any  Rectilineal  Angle 

SECTION  No.  1. 

„^f  ^^^  ^°-  *-~As  an  explanaton'  note,  the  quaUfvine  words 
not  greater  than  a  nght  angfe  may  fee  used,  but  do  not  niMn  a 
hmitation  of  the  problem,  because,  if  the  ^ven  angle  sh^Ub^ 
greater  than  a  nght  angle  the  angle 'could  be  bisected^and  the  half 
of  the  angle  so  divided,  could  be  trisected,  and  the  two-thirds  of  the 
half  would  be  equal  to  the  one-third  of  the  whole 

In  order  to  faciUtate  the  solution  of  the  several  narts  of  this 
problem,  it  has  been  found  convenient  to  divide  it  into  s'^ct'ons  and 
XhThe^t'pter  •"  ""'^"^  '°  ^''•'''"^'"^  *°  'he  nu^ern^r 

:f^,^p&^rL^^^!r  lit :[ 

'■mnulT°V^\l°'?''}'i  °f  Mathematics,  in  the  VnZeZl  o 
"pS  I860."  ^^  ^'"^"'^  ^'^"'°"'  '^"'''"•S^'l-    Philade". 

.iati*'''"/"  ^o.  2.— Geometrical  writers  directly  after  the  Enun- 
c  ation  of  a  Problem,  proceed  to  show  the  construction,  the  demon- 
!™r!  •"'p'^  *?  ■^.'«=''««'<=y.  following  in  regular  order.  (Firet  Dk- 
Slgrrms'rX^C^or"  '''^'"'"  ^  D-o-tratio„.^  S^  ^^ 

Construction. 

CBi^i^'efinftdvflposn^  v  *''^v.^^"'?  TJ'^:  P'°'J"'=«  '>«=  ""« 
„n7i,  J- ^  T  £    ,  ■•*     ^"^"i  *e  point  B,  in  the  line  B  C  and 

with  any  radius  A  B  describe  the  seiScircle  CAD  then  draw  the 
perpendicular  B  F  (11— n  let  A  B  -  R  P  'ThZ.  i  tL  ■ 
f.  '?  'he 'i-  r  B  prLlucei'silhat^he  line'^B  £^^^2  XK^  §raw 
the  hne  E  A,  and  from  the  point  H,  at  the  intersection  of  the  UneE  A 
Zl^r^t  ff^^dicular  B  F,  and  with  a  radius  equal  to  B  E  (or  2  /b1 
descnbe  the  arc  intersecting  the  Une  C  E  in  the  point  R.  Then  draw 
the  straight  hne  A  R  so  far  as  to  intersect  the  perpendicular  BF^n 
the  point  T  and  draw  the  line  T'T  L'  through  tEe  p^fntT  parallel  o 
A,  1^  TV.s'",''"^^'^''"^  S  ^  ">  'he  point  T'  and  from  the  noint  H  fin 
dti'?h  V^  n'r  ^^l """  H  H'  parallel  to  C  E,  (31-1)  '^Then  pro" 
nninf  B^ ' '^K  ^  ^ !^  ^^^^  ^  ^'  ^^^  ^  ^qual  to  f'  H'.    Then  fr^mX 

c°rde  C' A'V'  ''^^'  T''  V^'  ^^''¥'''  «  ^'  ^e^eribe  th^Temi! 
R  A'  ;„f  .  •  P^°  ^"P^  *e  point  H  and  with  a  radius  equal  to 
B  A  intersecting  the  semicircle  C  A'  D'  in  the  point  X'  and  from  tha^ 
pomt  draw  the  fine  X'  B  and  the  angle  X'  B  &  will  be  equal  to  one- 
third  (i)  of  the  given  angle  ABC  or^LA_C 

O 
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Section  Ho.  I — ContiniMd. 


Analysis. 


In  order  to  ascertain  the  conditions  that  prevail  so  that  the 
interior  and  opposite  angles  may  be  divided  in  the  proport^nsof  onl 
to  two,  which  if  accomplished  would  be  equivalent  to  the  solution  of 

ExUTa^^ns"  fitog?"^^  '''  ^°"°-"«  *^  '^-^^^  ^™-  ^u'cTdl 

.„/  ,1^;  1""'J"'^'  <"■  the  Analytic  method,  is  the  art  or  mode  offindirui 
<»^  the  truth  of  a  proposition,  ly  first  supposiry  the  thing  tobed^ 
and  then  reasoning  step  by  step,  till  we  arrive  at  some  knon-n  tmth 
This  IS  also  caUed  the  Method  of  Invention,  or  Resolution;  andisOuU 
which  IS  commonly  used  in  Algebra, 

*r„,*^L  i^f^''^'  "'■  '^  Synthetic  Method,  is  the  searching  out 
truth,  by  first  laying  down  mmpU  principles  and  pursuing  the   con- 

ty^eZT       "^  ^'""^^^'^"'-  ""^  '^  "^"^  "'^-^  -  —4 

13.    An  Hypothesis  is  a  supposition  assumed  to  be  true,  in  order 

%o^Jt^r  "'•^         ""^  ''  "^  ''""^'"^  ""^  demonstrati,^  ofZZ 

By  Hypothesis. 

ART  iTtL^  "T^li  u'^^i^'J.  *"^'«'  ^'  f""-  example,  the  angle 
A  B  C,  IS  already  divided  by  the  line  B  X  so  that  the  angle  X  B  C  = 

^-^    LetAB  =  BC. 

A,,  JTi"?  *1^^  P°'f  "^  ^^^"^  ^  ^  perpendicular  to  C  E  (or  C  B)  pro- 
duced (11—1)  make  B  E  =  2  C  B  (or  2  A  B)  From  the  nnint  A 
draw  A  P  parallel  to  B  X  intersectiiig  the  h^ni'  C  E  iS  Z  ^o  n  P 
(32-1)'  ^''^"^^^  =  X2C:  (28-1)  and  ABC  =  APC+ BAP 
From  the  point  B  as  a  centre  and  with  A  B  as  a  radius  describe 
the  «|^circleC  AD  (on  C  B  produced)  intersecting  A  Pr'the  poi^ 
1  D  ?  fr  ^  ^  ,4  ?  (^^'"S  radius  of  the  same  semicircle)  and  the 
^°§'?.?.4  V  =  B  V  A  5-1)  andABC  =  BAP  +  A  p  b'  ^-U 
anaBVA  =  yBP  +  APBandbytheHypotherisXBci|7^ 

and  XBC  =  AB  a  ^TheangleAPB  =  §-A^  and  BAP  =  B  VA 

(5-1)  and  B  V  A  =  A  P  B  +  V  B  P  (32-1),  and  as  A  P  B  =-5AP 
B  V  A  ^ 

2~~  =  A  P  B.    From  the  point  V,  where  the  straight  line  A  P 

intersects  the  semeircle  C  A  D  draw  the  line  V  W  parallel  to  B  C  (or 
Kj  tj)  (rfl — 1).  Then  B  V  =  B  A  and  R  A  V  —  fe  v  a  ck  i\  j 
y  B  P  =  B  V  W  (27-1)  and  B  V  rl  2  i  Jb.  The  anri^B  TI 
V  wl?^  ^  ''^  'ir  ^  .^u'^"'^  as  C  B  F  is  a  right  angle"ttlte 
thJ^n^l    S^  p"^*"*  ""J^^^  '^'"*"«^  ■^  W  is  parallel  to  C  E  (13-1)  o? 


SMUoa  Ro,  1— CoDtlaiiad. 

A  V  W  tf  A  P  R^lnS'^P  V  B  P  =  B  V  W  and  B  V  A  =  2  A  P  B  and 
-  B  V  A  V  R  P  T?  ^  ^  "  aVx>^  +  V  B  P  and  B  V  A-A  P  B 
Ziiil  Yu  .  i.  Therefore  APB  =  VBPandVB-VPIt 
A  U^T?o  ''a  p':''r;rth'' ''  "'  ^«>t«"«?«on  of  the  str  Jght  line 
B  V  W  and  U  V  WUv   f®  P«Tf  n4"="l"  B  F.    The  two  triangles 

A  vwl"'"     ^^  "^''*  ""«''''  ^'3-')'  '^'''^  BVW  =  UVW  S 

Then  there  are  two  triangles  having  two  angles  in  the  one  Pn.ml 
t^.  nfh""^/"' '°  *•>"  "*'•''  ''°'*  °»«  «de  of  the  one^^ual  to  one  sidTo 

E£^^?9M't^--^isg^t^S 

the.^™ng.des^o^^t^ 

BemiScTnin  fh'  """/v^^  be  produced  it  will  intersect  the 
semicircle  LA  D  in  the  point  X  and  if  a  line  be  drawn  from  U  to  X 
E,^  r  B  X  and  the  Wangle  U  V  B  is  an  Isosecles  trianSrand  the 
^n  £  ^1^  ^*  '■'  "'?'''"■  ^""^  ^'l"^'  to  the  triangle  U  V  B  and  ?«  ab^ 
an   Weles   tnangle    and    the  four  lines,  viz.,   B    X-X  U_ 

Yhli:        A-^  f^"?    1°  ^"""^  other  and  also  equal    to    V  P  and 

^d  U  V  R  «nH  fl'°^  ?r'*/  '^<l,^"al  i"  every  respect,  ^z,  B  X  U 
and  U  V  B  and  the  other  two  also,  viz,  B  X  V  and  X  U  V  ^1 1 

triangle.  The  %ni#  fl  |'.  ^^Ttnl^"!  .nTul^^^ 
Jnd 'thranrieTf'n  ■  "''Tf"'^^  '"  ^  equal  to tacho^hY; 
—3—  and  the  four  lines  which  form  the  Rhombus  B  X  UVB,  viz. 


SKtlon  Ho.  1 — CootlntMd. 

B  X— X  U— U  V and  V  B are  equal  to  each  other  (def  27  nf  l     i\  ^^a 

to  the  point  A,  the  angle  would  be  less  or  greater  than  ^  B  C, 
W/  """"''  '^*''**"  ^  ""'^  P'  ""d  '«««  if  situate  between 

SECTION  NO.  2. 
^^   From  the  foregoing  Analysis  the  following  Theorem  is  derived 


SECTION  NO.  3. 
quotll'onTageUUo?"'"'"'  ^'^  ^""""^'^  Explanations  ali^ady 
with  C  E  an  angle  =  ^  B  C,  ^„,    ^^^  ^^^  ^^^  ^^  convenience,  in 

betwce'jl'^o'S^ridi^cuLrB  F"n?VJ'K  """>  ^  f  '^at  is  situate 
U  P  =  BE  (o^^:^  st   The  angl   H  BE  ^fnVL^'^^'''':"' 

TheanglelRBi8Ereate?thaVtr''°?  f  *•>«  «faight  line  A  VP. 
i  greater  than  The  angte  B  A  R  and  Z  i  f  l^J^' ''"«'«  «  A  P 
tue  angle  B  A  P  and  A  E  inteS  B  F^n^Jh  ^  -^^  ^  ':&«""'*«'■  *han 
distance  from  B  than  A  P  inteS  B  F  "n  fh'e  S  U  "'^^Tf'^'^ 
o  H  IS  greater  than  B  U  and  71  TT  io  »„  *  ^l  P  A  i  ^-  Therefore 
A  P  B  is  greater  than  the  angle  A  EB^''  *'"''"  ^  ^  ""''  **•«  ""S'^ 

the  >mteentTon'^-Ki°e?"hfretatr^t''  ^?'^T*'"^'  "^ 
vergent   value,   horiiiontal  mnv»,t?!f'  ^t'~°'  "fSent  value,  con- 

\Vh?n  certain  Unerof  unequTIeS'  re'd™'  '"'f  '''''''''^  ^«1"«- 
situate  in  the  line  called  thitJi;*^  ?^  "'^"'^  ^'■°"'  a  po  nt,  not 
secting  Unhand  from  tb.tLm'-"!  H"^'  ^  "«  *°  '"^rsect  thetri- 
differentaiUesoMto  nto,^.TfV.P°f"'  '^  pother  line  be  drawn  at  a 
Buch  Unes,  while°dTfflren SLgth '^ tw^""^"  P ^  f ''^f  P^^ 
example,  viz.,— The  line  F  A  n^n„  .     *°  '?*'  "'  ''^"»'  ^a'ue,  for 

and  intersects  P  A  in  the  nnlf  r^Tfu*"^'''^^  'he  trisecting  line 
E  to  P,  so  thauhos^"  wo  U^es  ^hlle  d^i^^'n  K  ."^  ^.^o^verges^from 
of  equal  value.    That  is  to  ^v  Thl  „  '''"^'«°' '°  'ength  are  said  to  be 
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iMHoa  He.  I— Coii«n«4. 

The  term  vcrficnl  mcuriH  tho  lino  H  F  or  tl..-  <liHtiincc  Ijctween 
any  two  imints  situate  in  H  F  or  nnv  lino  imrnlli-i  to  it,  or  nny  line 
drawn  nt  nght  angles  to  V  E  or  drawn  at  right  anjrles  to  any  Une 
parallel  to  C  L.  "  j 

ClauM  No.  5.  -  -The  following  may  lx>  used  as  illustrative  o;  the 
foregoing  explanations.  The  line  E  A  converges  towards  the  trisect- 
ing lino  A  1  and  tho  same  lino  A  K  diverges  from  A  V  and  K  P  con- 
verges from  K  to  P,  so  that  the  use  of  the  term  convergent  or  diver- 
gent  IS  determined  by  whether  the  line  is  supposed  to  U'  drawn  from 
t.  to  A  or  from  A  to  E.  Tho  same  mav  be  said  us  to  whether  the 
Imo  18  supposed  to  Ix!  drawn  from  R  to  A  or  from  A  to  H  The 
divergent  valu,  ..f  A  R  is  equal  to  the  convergent  horizontal  value  of 
r  """r,  .  °"  ,'*''^".'  hon^ontal  value  of  P  R  is  equal  to  the  convergent 
value  R  A.  .Uso  the  convergent  value  of  H  A  is  equal  to  the  horizon- 
tal convergent  value  of  H  U',  and  the  horizontal  value  of  H  L"  is 
equal  to  the  vertical  convergent  value  of  H  U,  and  tho  divergent 
value  of  A  H 18  equal  to  tho  divergent  vortical  value  of  U  H. 

.1.  .*^'""f*  ^?'  ^TJr^  convergent  value  between  the  line  A  H  and 
the  Inflecting  hne  A  U  P  measured  on  the  perpendicular  B  F  is  H  U 
and  when  measuro(  on  tho  horizontal  LH  producc<l  to  U'  is  equivMent 
to  the  convergiMit  horizontal  value  a.  ^rued  between  the  interseciion 
of  A I  with  the  horizontal  straight  Unc  L  H  U'  and  having  a  horizontal 
convergent  value  of  H  U',  so  that  the  horizontal  value  of  H  U'  is 
equal  to  the  convergent  value  of  H  A  and  the  triangle  H  U  U'  is  a 
Z'  w^!f  xT"*",^'^rS?'"?°8«<l  of  a  iwrtion  of  the  different  linM  as 
per  sketch  No.  1.  Tho  lines  forming  this  triangle  are  viz.,  H  U' 
included  in  and  forming  a  part  of  the  liorizontal  straight  Une  L  H  U' 
R  F  „nH  fi,  V'"''T"f^f?  •'"  .""d  i*?™"!  "  part  of  tho  perpendicular 
i^g  Une  A  P  for  A  U'  ^^f'"^'^  '"  ""^  f°™i°S  a  part  of  the  trisoct- 

Observe  H  T  is  greater  than  H  U,  therefore  the  portion  of  \  P 
situate  between  HL  and  T  L'  is  greater  than  U'  U.  It  may  be  men- 
tion«l  the  Une  A  H  converges  towards  or  diverges  from  the  trisecting 
line  A  P  according  as  that  line  is  supposed  to  be  drawn  from  A  to  H 
or  irom  H  to  A. 


drawn  from  the  noint  H  «H^h  „  I  ,.•  "^  ^"T"'  '"■"  "'  R  haslxHin 
2A  B)  Thp7r,fRr\  V  5  ™''"i*  '^""'  '"  »hc  diameter  (or 
«,U8l  to  the  dfameter  a^d  R  H  rwr/T.  ""'  'J"'"' '''  ^^'^  «  '"^.t 
aSd  equal  to'TL^nd^w"  "Attd  rTITh'  '^.^T?""' 

"-ok7/''.hinl  T-1. '  "■*  "^V*'  *°  "-''''  Other  (see  Axiom  No  V 
anofheV,-a«p^a';i^to%''^Ji°.*''^r(^i'}i"«  -  e,u":i  t^on'e 

Une  dra'',:^  f^;:,ft^lf  t^  i' "  fr "/ T'^  •'""^''^ '"-''"'^  the 
H  IT'  arTlVof  Vv,     P*™'^'  to  A  P  so  as  to  ehminate  the  equivalent  of 

value  oTA'u'^rhStaTdir'  "  ''  '^  "'"■"','°  '^2  ^o'Sztta 

I»^i«:'rtl^"^?liTifls^«-/?^^^^^^^ 

line  be  drawn    rom  P  parallel  to  R  H  ^If  T'^^'lt  ^'''"^  '^  " 

SECTION  NO.  4. 

Demonstration  and  Sketches  Illustrated 

produc^^to^the^p„i„^ 

"d^iS^ '"  -<^  '«  ^  portiontfTh  « t.S.S  ^Cl-^^ 
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SKtion  No.  4-Contlnu.d. 

d.«ta„ee  from  each  otHeL:t  ''helrH^'f /Jf  il'!"""^  '''^  ^^ 
line  A  Al .    The  intervening  line  TI  ri"  „  r  '-^.^'tuate  from  the 

betw  en  theparallelt"  A  ArandTL'*'"^'r  '^e  -hok  ^  ,  J^« 
betw  en  the  parallel  lines  A' M' and  H  ^  "'""' '°  ""=  '^''"'^  dLtance 

.^trctttt^tLre'i^'  1?.^  ^  ^--t  Jti'p„ri,i„*t' 

equaf  a^'^^^raM'',^^^^^^^  ro^'^^^'r^^  -'--ties  of  two 

equal  and  parallel"  (SS-f)'  '  ("5^^.^  ^2^)  X'^?']|  ^o 


Stctios  Ho.  4— Contiiiatd. 

intereect  the  line  B  A  produced  iLTi  •  y  *"''  Produced^  aa  to 

AfV  „n^  fl*^^'":^  ^''^TCH  No.  2)  so  that  fhp  ,^  ^T  ^  '''a'  ^  " 
AtTand  thelineAU  =  CKH-and  fh»f™  .TjP?'Pendicu  ar H  U  = 
parallelogram  with  the  opnC^  «W  '""'''L^^e^'^AUHO^AisI 
another  (34-1).     The  S  A  Vn     """w  A?«'^«  ^l"-^'  to   one 

S  .VeTne^L'^Tn  t^tp^rSl.Tt^^t  (3!"^ t'^^ 
.byH'^  T\roVthe'pUtVrJrH'''t'^''  (see  S^'tTh  Vo°' n 
intersecting  B  A  in  the  po  nt  H'  and  thm  ^u\^  »'  P«^^"«l  to  B  1^ 
para  lei  to  B  E,  intellect  ng  B  1  fnfh?^'' "iT'"'  T  draw  T  T' 
K  K'  ,s  made  parallel  to  B  A  and  H  H'  U  ^"^\  ^  ^^l-l).  Then 
IS  parallel  and  equal  to  the  Une  H  H'^Jvf  •''' ^' '°  "^  T'jand  H'  t" 

Th7X^%'^  .-d  bjconst'r^'ctfon^Al'lfV'ffall  T.^  «"-« 
Iherefore  the  lour-sided  figure  A  H' H  A'  A  i?  *"''  "^.-^  =  H  H". 

from  the  pointHand  witli  ^'rXJequ^  t?2'R 'a?  '^'  ^°d  "keS 
>t  will  mtersect  the  Une  B  E  so  thatThe  Hne  dralf  ?  ^"^  ^  '^''^'^ribed 
to  that  point  o.  inte^ction  .„  fo^rntTu^  ^^^ 
^Sn!l^tr^^l:^^^^^^l^^r^ction^  A  E  and  A  P  lithl 
divergence  between  Les  A  E^d  Tr  «/*.K^=  ''■"^  *>>«  ^^  -^of  the 

less  tlt^Cl^dtultt  ^tttn'th^'r  ^•'^  '^"^  H  L  and  U  U'  i. 
seen  the  diffez^nce  4tween  H V^nd  ^TH  tt't"'^  I-  ^'-  ^  wi«  be" 
the  lower  part  of  H  T  and  is  indicaf,vl?  ,1^  ^  ^  ''^'"^  ^  taken  from 
vemn.  line  U  U'  and  the  Une  TL^'^in^i^?P^'=^  between  the  inte" 
A  A  from  AM  to  A' M'  tC  MaL'  •  "^^^  °f  the  perpendiciilnr 
which  is  the  space  between  the  nfp^"'"  *,'?''""  f'""'"  the  up^^  part 
•s  also  equal  tS  the  spale l^tween  th^f^"^ ''°?  ^,^  "^"d  A'  Tw£ 
which  are  each  eaual  tn  f h!T  "^  mtervemng  hne  U  U"  anrl  T  t  " 

accrues  betweenT  pobt  aZTT  -^i^"  ""^  ^  R  ^0^^^^^,^ 
perpendicularB  P.     (ZiArT^N^VandSK^^^  °4  ^  «  ^^'h  the 

IS  situate  between  the  lines  A  M  fndO^N         ""^  *"  ^''■=^'^«  ^'o-  2) 
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Section  No.  4--Contiaaml. 

A  A  and  the  point  A'(  which  is  indicated  by  C  A')  an7Ap  nnrtil 
of  the  straight  Une  A  P  for  A  TT  W»  P^  =;f,T„t  i  J'  "■"°  .'"^  portion 
and  the  point  U  is  equal  to  2  H  H«  FlZu       -^^T^"  "'^  P"'"'  U' 

SECTION  No.  5. 
dn,™  arejgh  the  p.l„(.  X'  .B  V'  f  ptjll  i,,  Si^A'  S 


and  as  HB  =  2HW'  and  X'^'Vy"  V'  Then  Vp'"?  Y'V  ^^i' 
the  tnangle  B  V  P'  is  an  Isosceles  triangle,  B  V'  =  F  V'  '""' 
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SKtIon  Ho.  0 — Cootinuwl. 

a  RhSsTrtoiliheSuarLt  ""•?  °J  «"  ">"  -'-or  angles  of 
of  the  angles  adjac^n  to  a^y"oie°o/ the  S§«  ™«^-  '^''«"'fo4  'two 
H  X',  the  angles  H  X'  B  IndX'HvZ'T'  '"/ «'''™Pl''.  the  line 
v?™,,^?^'''^-  The  angle  V  H  W' +  H  v^w  °**'"""'.  ".1"'''  '"  '^vo 
V^W' H  =  W'H  L)  and  L  H  \"--V' H I  V'  u°«v  "«*?'  ""S'*'  (or 
a  nght  angle,  so  that  the  straighl  line  V'°^a^»^  T'^  T  «  «« 
f~  BF  so  that  the  angle'^V'K  for  V'iTr '■*•''' P^"!*"- 
less  than  a  right  angle  as  the  anllf/ A  H  V".^^  \^,  *«  ""uch 
greater  than  a  right  anile.  Ther^foreThelJ?  v  J°l  "^  «  »>  " 
equal  to  two  rigft  anglls.        "'"*""*  ">e  angle  V'  H  B  +  B  H  A'  is 

a^iy'raS^li-^'ferlttT^^^ 

angle  (see  Clause  3)  similar  and  ennnlln^;    v  B  P'.s  an  Isosceles  tri- 

^ust,describedVx'  .  B^X'^^^T^V^^^^^l-o^Y, 

H  F  B  and  the  angk  X' H  V'  ^  \^l  S"''  *>  ""S'"  «  V  X'  = 
X' H  V  +  H  X' V' +  H  V'X' i^Pn^  ,^  B  +  B  H  V  and  the  angle 
thr^e  interior  angles  of"  ^rvfn-«n^  '°  two  right  angles  "and  the 
(32-1),  also  beSe  H  V'  b  =  2hV  xT''^?^'r„"S'>'  »P' 
the  two  angles,  viz.,  X' H  V'  +  b  A'\' ^'"' ^^  ^  ,"  +  ^' x'h), 
angles.    The  angle  X'  H  V  +  J^V'nrZ  u^f,  ??.""'  *°  '"'o  right 

V'  P'  (or  2  H  V)  (2—6.)  "  ^  -  '^  H  W  and  H  P'  =  H  V  + 

not  initr:rgK'ei7£w''''^*  *1?  i'"''^  ^'  »  -^  H  A'  a:, 
dueed  toag^terdltancX'n'  hrpoint^'^^^^^^^  have  to  be  p"r^ 
than  the  point  A'.     Then  in  thJsZ^       A  or  to  a  less  d  stance 

be  less  than  B  A'  produced  and  nX  L7^  '^'  """  ^  ^'  ^""W 
would  be  greater  than  B  A  product  „  i^'-'f^-  "^"  ""^  ^  V' 
the  points  A  and  A',  but  accoHin^  m  tk  ^  P°'."*  '"""*«  between 
=  B  V  and  if  V  H  be  nrSI^^^  Theorem,  Section  No.  2,  B  V 
than  B  A'  or  to  anv  St  at  a  ^ei^r  J  "'  "  g«ater  distance 
straight  Une  P'  V  H'ni!>T     j         '''^^  distance  than  B  A'   tho 

anyo^her'^oinuUtCp'oTntA''"""'  -tersect  B  A  produid't? 

"if  afail^t  L'?r:^^;'«4troX;"r  ^'f^'^^^  ^-- 

opposite  sides  of  it  make  the  adjacent  anXf^'^^.'  ^'"^  "P°"  'he 
nght  angles,  the  straight  lines  are  fnnn!"?,^^^^*'''^''  «1"'il  to  two 
^,,  Therefore  th^  li„Tv?g  ^"J-  '^^X'T^  ^'l^^'^'  line" 
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are  in  the  same  straight. 


.betweenX  Mint8l7aL"B  K^  'f  «!'"«»«.  at  an  equal  distancp 

«  A  V  and  B  V"  A'  and  B  X'  H  nr^^LA  ^,P  ?."''  ""e  three  anKles 

coincKlo  with  the  points  A'  C' and  V   ,^  f,"''.^/^  if  produced  would 
and  the  |)€rpendicular  R  it  if        ,       ,  ^^°  "'at  A  A'  =  C  C  -  v  v'? 

hypothesis  in  Section  No  [  and  thf  Rh  «'!°'"  '"s  i"  purauanoo  of  the 
equal  to  A  A'(or  C  C  or  XX') so  that  t^^R^i^^V"  ^^''  **«««'>"  No  5  j, 

~  o —  and  the  anirle  R  v/  tiJo         ■ 
parts  of  which  the  angle  A'  B  C        .   "    I     '       ">  ^^oof  the 
«x  angles,  viz.,  X'  B  C  -  B  X'  W^  l^ux'V^'"?;    therefore   the 
-  V'  B  F  a.  equal  to  each  other  and  also  eluo  J  '"'  7  A'  ^C^ 
The^^ur  h^n.  that  fo™  the  Rho.bus  BX  ^  ^  b     ^  V^ 

equalYeheUoToW^^^^J,^- (d^^  |  of  I'^lf  a^  ~al^o' 
It  has  been  shown  that  fho  „    situate  between  the  points  V'  nn/S- 

Siffe.nc/  L^JX'^^^r?,  H  and  F  t  ^  ^  I,;,^  B  and  the 
HV'R^^f'^-^.^:V'  =  BV'A    " 


a.eS&^^^^^^^  =  BX' V 

-  A' V  X' ar.d  X' B  B'  -i'v-v-     T  ^  X  V' (27— 1)  and  A' R  h' 
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iMtiM  Ro.  •— CouteMl. 

The  angle  B  X'  VV  -  H  X'  W,  then  the  angle  H  X'  B  -  H  X'  W 
+  B  X'  W,  no  that  H  X'  B  is  bisected  by  the  line  X'  VV  and  H  X'  B 
-  B  A'  P-  (or  B  A'  V)  and  as  B  A'  F  -  2  A'  V  H,  the  whole 
A'  B  C  -  X'  B  C  +  B  X'  W  +  W  X'  H.  The  thre^  latter  an- 
gles have  been  proved  equal  to  each  other. 

X'BA'  -2A'V'X'  (20-a)andX'BA'- A'BB'+  B'BX' 
and  2  A'  V  X'  -  A'  B  B'  +  B'  B  X'.  Therefore  the  angle  A'  B  f 
has  been  divided  into  three  equal  parts  by  the  two  Unea  B  X'  and 

3ECTI0N  NO.  6. 

CUuM  No.  1. — This  Section  is  another  method  adopted  to 
determine  the  point  where  the  trisecting  line  drawn  from  the  point 
E  intersects  L  H. 

Produce  the  line  E  L  to  intersect  A  M  in  the  point  Y  and  from 
the  point  J  (in  the  line  A  M)  draw  the  line  J  Z  parallel  to  E  L  in- 
tersettmg  the  line  E  A  in  thp  point  E'.  The  straight  line  J  E'  Z  will 
intersect  the  line  L  H  in  the  point  S  so  that  the  Bne  drawn  from  E 
to  the  point  S  will  be  parallel  to  A  P,  and  form  an  angle  with  the  line 
C  E  that  will  be  equal  to  one-third  of  the  given  angle  ABC. 

It  has  been  shown  (see  lastpart  of  clause  7,  Section  No.  3)  that  the 
horizontal  divergent  value  of  E  L  from  the  trisecting  line  drawn  from 
E  to  its  intersection  with  H  L,  measured  from  L  along  the  line  L  H 
is  equivaicnt  to  H  U'  -I-  J'  J.  Then  E  L  being  produced  to  intersect 
A  M  in  the  pomt  Y,  and  the  line  J  E'  produced  to  intersect  C  E  in  the 
pomt  Z  and  the  straight  line  J  E'  Z  being  drawn  parallel  to  the  straight 
line  ELY,  EZ  =  JY. 

From  the  point  Y  (in  the  line  Y  E)  make  Y  Y'  =  E  L.  Then 
E  Y'  =  L  Y,  H  A  =  E  E',  H  A  =  L  J  (see  Section  No.  3,  Clause 
No.  4).  Then  E  E'  =  L  J,  J  E'  =  E  L  ,  E  L  =  Y  Y'.  The  divert 
gence  of  E  L  from  the  trisecting  line  drawn  from  the  point  E  to  its 
mtersection  with  the  line  H  L  has  been  shown  to  be  equal  to  the 
horizontal  value  of  U'  H  -I-  J'  J.  Then  E  L  =  Y  Y'  and  E  L  +  Y  Y' 
=  2  E  L  and  2  E  L  is  equal  to  the  horizontal  value  of  2  U'  H  +  2  J'  J 

It  will  be  observed  that  E  L  +  L  Y  is  equal  to  the  whole  of  the 
line  E  Y,  but  2  E  L  is  greater  than  the  line  E  Y,  2  E  L  =  E  Y  +  L  Y' 
and  2  E  L  —  L  Y'  is  equal  to  the  horizontal  value  of  U'  H  +  2  J'  J 
which  shows  L  Y'is  equivalent  to  the  horizontal  value  of  U'  H,  and 
L  Y'  is  equal  to  that  portion  of  E  L  situate  between  the  points  Y'  and 
L,  and  th  e  "ine  drawn  from  E'  to  the  intersection  of  the  trisecting  line 
with  H  L  will  be  equal  and  parallel  to  the  line  Y'  L  or  Y'  L  =  E'  S 

As  already  shown,  EY  =  JZandJZ  =  ZE'  +  E'S+SJ 
Then  Z  E'  =  E  Y',  Y'  L  =  E'  S  and  S  J  =  L  Y.  Therefore  the  diver- 
gent value  of  E  L  is  equal  to  or  equivalent  to  the  horizontal  con- 
vergent value  of  Z  S  and  E'  S  =  Y'  L.  Then  the  horizontal  line  L  S 
IS  equal  to  the  horizontal  line  E  Z  (or  L  S  =  E  Z)  and  L  S  =  U'  H  -|- 
J'  J  and  the  divergent  value  of  Y'  L  is  equal  or  equivalent  to  the 
honzontal  vi    .e  of  U'  H  and  Y'  L  =  E'  S. 
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Fiirthrminre,  if  R  line  pnrallcl  to  E  L  lie  drawn  from  the  point 
J'  (in  the  line  A  M)  inHtcnd  of  from  the  ymnt  J,  it  will  internet  the 
line  H  L  at  a  horizontal  iliHtancc  meaHiirivl  from  the  [mint  L  that  will 
l)e  equal  to  IJ'  H  +  2  J'  J  inntead  of  V  H  +  J'  J.  Therefon-  it  is 
clear  that  the  line  K  L  pro<luci- :  to  Y  (in  the  line  A  M)  divernes  fron> 
the  trisecting  line  drawn  from  K  to  J',  and  Y  J'  -  U'  H  +  "J  J'  J. 
'I'his  rcuHoninK  cstuhlishes  that  the  divergence  of  L  Y  is  equal  or 
equivalent  to  the  horizontal  J'  J, 

CkuiM  No.  2.— The  principle  involved  in  this  section,  oa  al- 
ready shown,  is  that  the  divcritence  of  E  L  from  the  tris<'<'tinK  line 
drawn  from  the  [loint  K  to  its  intersection  with  the  line  L  H  is  the 
horizontal  equivalent  of  U'  H  +  J'  J  (see  Clause  No.  1),  and  that  the 
line  E  L  is  divided  in  the  [wint  Y'  so  that  L  Y'  is  the  horizontal  eiiuiva- 
lent  of  U'  H,  and  I'^  Y'  is  the  horizontal  equivalent  of  J'  ,1. 

Therefore,  if  a  line  equal  to  L  Y  l)e  measured  from  the  [mint  L 
along  the  line  E  L  and  from  that  |X)int  of  section,  viz.,  Y',  a  line  Ixs 
drawn  parallel  to  L  J,  it  will  intersect  L  H  in  the  same  |X)int,  viz.,  S, 
that  the  trisecting  line,  drawn  from  the  point  E,  intersects  li  H,  and 
the  line  drawn  from  the  point  J  parallel  to  E  L  will  also  intersect  L  H 
in  the  same  point  iS  that  the  trisecting  line  drawn  from  the  \mnt  E 
intersects  the  line  L  H.  As  already  stated,  the  straight  line  ,1  7,  has 
been  drawn  from  the  jxiint  J  parallel  to  the  line  E  L,  and  it  is  con- 
cluded that  a  line  drawn  from  the  intersection  of  that  line  with  L  H  to 
the  |X)int  E  will  form  an  ongle  with  the  line  C  E  that  will  Ije  c<|Uttl  to 
one-third  of  the  given  angle  ABC. 


ADDENDUM. 

There  are  other  constructions  by  which  the  Triseetion  Problem 
can  be  solved  and  explained  by  reference  to  the  main  diagram,  which 
are  consistent  with  the  principles  involved  in  the  solution  of  the 
problem  as  already  presented,  viz. : 

1.  From  the  point  H  (at  the  intersection  of  the  line  A  E  with 
the  perpendicular  B  F)  and  with  a  radius  equal  to  2  A  B  +  2  A  A' 
describe  an  arc  intersecting  the  line  C  E,  and  the  line  drawn  from  that 
point  of  intersection  to  the  point  H  will  form  an  angle  with  the  line 
C  E  that  will  be  equal  to  one-third  of  the  given  angle  A  B  C. 

2.  The  line  RH,  if  drawn,  would  t)e  equal  and  parallel  to  the  line 
E  L.  '^rom  the  point  R  in  the  line  R  H,  assumed  to  be  drawn, 
make  R  R'  =  E  Y'  (see  Section  No.  6)  and  from  the  point  A  draw 
A  R'  produced  to  intersect  the  line  C  E  and  that  line  will  form  an 
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angle  with  C  E  that  will  be  equal  to  one-third  of  the  given  angle 
ABO,  that  IS  to  say  it  will  intersect  C  E  in  the  point  P. 

3.    From  the  point  where  the  arc  B  G  intersects  the  line  T  L' 
erect  a  perpendicular  (11  -1 )  to  intersect  the  line  L  H. 

Then  take  the  line  situate  between  the  point  H  and  the  point 
where  the  line  A  R  :•  i,  n-^t. !,«  the  Une  L  H  produced.  The  sum  of 
these  two  hnes,  t.  :.  siiibe,;,  ;h  former,  from  L  to  the  intersection 
•  *''«  Perpendieuli  •  f>-ioclou  fi  .in  the  intersection  of  the  arc  B  G 
with  T  L  )  being  gi.'Ui-r  than  R  P  and  the  latter  lieing  greater  than 
H  U  their  sum  is  g.  .;„|,i-  ih.n  H  U'  +  R  P,  and  R  P  +  U'  H  meas- 
ured from  L  along  the  hne  L  H,  is  equal  to  the  horizontal  distance 
from  L  that  the  tnsectmg  hne,  if  drawn  from  the  point  E,  would  inter- 
sect the  hne  L  H.  Then  the  hne  drawn  from  the  point  J  to  that  point 
where  the  tnsec  •  hne  would  intersect  L  H  is  equal  or  equivalent  to 
the  divergent  or  convergent  horizontal  value  of  J'  J  (or  R  P). 

Therefore,  if  a  line  equal  to  the  sum  of  these  two  lines,  described 
be  measured  from  the  point  L  along  the  line  L  H,  it  will  intersect  L  H 
at  a  greater  distance  from  L  than  the  trisecting  Une,  drawn  from  E 
intersects  L  H.  Then  if  a  hne  be  drawn  from  J  to  this  latter  greater 
distance  as  described,  in  L  H  from  L,  that  line  will  have  a  greater 
convergent  or  divergent  horizontal  value  than  J'  J  (or  R  P)  Then 
draw  from  the  point  E  a  line  parallel  and  equal  to  the  one  just  de- 
scnbed  as  haying  a  greater  divergent  or  convergent  horizontal  value 
than  R  P,  and  from  the  extremity  of  that  Une  draw  a  Une  parallel  to 
E  L  intersecting  the  line  H  L  produced,  and  from  that  point  of  in- 
tersection with  H  L  (produced)  take  a  distance  equal  to  the  sum  of 
the  two  said  hnes  (2-1)  (which  is  greater  than  R  P  +  H  U')  and 
that  will  give  the  point  where  the  trisecting  hne  drawn  from  the 
point  E  intersects  the  Une  L  H  (or  H  L). 

an  kA  B^C   ''"^'^  ^'  ^  ^'  '^  ^"'^^  '°  °"^  ^^"'^  "^  ^^'^  S'^"" 

.  J'  I'^^^x,"".*'  ^  ^'  ''^'"S  drawn  through  the  point  H,  parallel 
to  the  line  B  A  intersecting  the  line  T'  L'  in  the  point  H"  the 
angle  A  H  r  is  equal  to  the  one  third  of  the  given  angle  ABC 
(bee  sketches  and  main  Diagram). 


The  End. 
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